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Multiple-Burn Families of Optimal Low- and
Medium-Thrust Orbit Transfers
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A new procedure for improving fuel- and time-optimal orbit transfers through burn additions is introduced and
analyzed in terms ofphysicalcharacteristics; results of its use are presented. The procedure is basedon apropertyof
the switching function for the optimal control problem. Criteria are given that may be used to determine whether
other optimal control problems exhibit this property. This property and other properties of fuel-optimal orbit
transfers related to number of burns and burn placement are examined. The orbit transfer problem formulation
is given for � nal mass maximization allowing for second-harmonic oblateness effects, atmospheric drag effects,
and three-dimensional, noncoplanar, nonalignedelliptic terminal orbits. A set of extremal solutions parameterized
by transfer time, referred to as a family, are obtained using a combination of the new procedure, homotopy, and
other numerical methods. Notably, this family exhibits multiplicity in solutions; that is, terminal orbits, transfer
times, and numbers of burns are identically speci� ed, but the resulting transfer trajectories and costs are different.
Reasons are suggested why one transfer is favored over the other, using physical rationale. Effects of the drag and
oblateness terms are discussed.

Nomenclature
CD = craft’s drag coef� cient
C i

j = space of functions with i continuous derivatives
and j elements

eT = thrust direction vector (unit vector)
ex , ey , ez = Cartesian components of the eccentricity

vector; additional subscript i or f indicates
initial or � nal point, respectively

Fdrag = force exerted by drag on the spacecraft
Fthrust = force exerted by the spacecraft’s thruster on the

spacecraft
f [x(t ), t ] = that part of the differential equation for x(t ) that

does not vary with the control variables u(t)
and v(t )

G = function, de� ned for convenience, that
encompasses both the original performance
index and the terminal constraints

g0 = gravitational acceleration at sea level on Earth
g[x(t ), v(t ), t ] = that part of the differential equation for x(t ) that

varies with the control variable v(t) and linearly
with u(t)

H = Hamiltonian for the optimization problem; also
H [x(t f ), T , eT (t f ), ¸(t f )] or
H [x(t ), w(t ), u(t ), ¸(t ), t]

HT = switching function
h x , h y , hz = Cartesian components of the angular

momentum vector
I = identity matrix: diagf1, 1, 1g
Isp = rocket motor speci� c impulse
J = performance index (to be maximized)
J2 = constant describing the mass distribution of the

central body
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L[x(t ), t ] = used in theorem, function that entails the part of
the performance index that does not vary with
the control variable u(t)

M[x(t ), t ] = used in theorem, function that entails the part of
the performance index that varies linearly with
the control variable u(t)

m(t ) = spacecraft mass at time t
Pm = time rate of change of spacecraft mass, m(t)
m¤ = reference mass, used for nondimensionalization
NN = matrix: diagf1, 1, 3g

Oxyz = Cartesian reference frame, centered at the
attracting body

R = equatorial radius of the central body
r = magnitude of the spacecraft position vector
r(t) = radius vector, in Cartesian coordinates, from the

center of the (� xed) gravitating body to the
center of the spacecraft

r0 = reference altitude for the atmospheric drag
model

r ¤ = reference radius, used for
nondimensionalization

S = wetted area of the craft
T = spacecraft thrust level
Tmax = maximum spacecraft thrust level
t f = length of time between the start and end of the

transfer
U = gravitational potential
u, v, w = Cartesian components in Oxyz of the velocity

vector v
v = speed or magnitude of the velocity vector
v = velocity vector with respect to the inertial

reference frame
w(t ) = used in theorem, continuous control
x , y, z = Cartesian components in Oxyz of the position

vector Qr
x(t ) = state vector, includes position, velocity, and

mass, [r(t )T v(t)T m(t )]T

b = air density variation in the prescribed altitude
region
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¸(t ) = complete costate vector,
[¸r (t )T ¸v(t )T k m (t)]T

¸r (t ) = Qr costate vector
¸v (t ) = Qv costate vector
l = gravitational constant for the central body
m f j = Lagrange multipliers on the boundary

conditions
º = Lagrange multiplier vector corresponding to the

boundary conditions, [ºT
f j

ºT
i j

]T

q 0 = atmosphere density at the altitude r0

t = independent variable representing
nondimensionalizedtime

Ã(x) = terminal condition function, speci� es terminal
orbits

w i1 –w i5 = terminal conditions 1–5, where i indicates
initial state, f indicates � nal state

O = nondimensionalquantity

Introduction

T HE minimum fuel orbit transferoptimizationproblemhas been
studied for many years now. Some of the most complete early

work1 consideringimpulsive transferspresentedan exact solutionto
the costatedifferentialequationsona coastingarc.The optimalityof
the Hohmann transfer using early optimal control theory was also
veri� ed. In the � nite-thrust arena, many recent papers have been
written, some with direct and some with indirect methods. For ex-
ample, usingcollocationonce then direct transcriptionlater,Enright
and Conway2,3 examined circular, point-to-point planar transfers
with ideal gravity. Herein, ideal gravity refers to spherical body
gravity, namely, a simple inverse-squarelaw. Zondervanet al.4 used
a hybrid direct/indirect method to study three-burn point-to-point
transfers with plane changes in ideal gravity and thrust levels down
to a thrust-to-initial-weight ratio of 0.04. Vulpetti and Montreali5

used nonlinear programming to optimize point-to-point transfers
between circular orbits with inclinations.They included oblateness
and drag effects, but did not study the effects of these terms in their
model.

Among the studies using indirectmethods, the work by Redding6

handledpoint-to-pointlow-thrust transferswith plane changes.The
study was limited to transfers to geosynchronousorbits in an ideal
gravity � eld. Another indirect method7 was actually a combina-
tion of two approaches. The � rst approximated ideal gravity using
a model for gravitational accelerations linearly varying with alti-
tude. This assumption results in a linear steering law and was used
to simplify low-accuracy calculation of the transfer. The data from
this approach were used as the starting iterate of another, more ac-
curate code. Horsewood et al.8 modi� ed earlier work9 (a minimum
time formulation using equinoctial orbital elements) to produce a
code for the optimizationof point-to-pointorbit transferswith plane
changesbetween circularorbitswith relatively low thrust in an ideal
gravity � eld. Brown et al.10 produced an indirect method, named
OPGUID/SWITCH, which handles free entry/exit points and free
� nal time using a reduced set of boundaryconditions.Redding6 for-
mulated the problem with transfer-time optimization as did Brown
et al.,10 whereas Horsewood et al.8 � xed the � nal time.

This paper complements these studies by consideringa formula-
tion that sets free the entry/exit points and the � nal time for opti-
mization and includes realistic effects such as oblateness and drag
for the study of optimal transfer. The questions of optimizing the
� nal time and of optimizing the entry/exit points are investigated.A
new method for increasing the number of burns a transfer executes
is presented.

The performance index is de� ned simply as the � nal mass of
the spacecraft including fuel; this quantity will be maximized. The
equations of motion are stated in terms of the gravity model with
oblateness effects and an assumed atmosphere model for drag.

The Hamiltonian is linearwith respect to the thrust (control). This
linearity results in bang-bang control or singular arc solutions for
the maximization problem. Although bang-bangcontrol is assumed
here,thepossibilityof havinga singulararchasnotbeen ruledout for
a general case. To determine whether a singular arc solution would
occur, the derivative of the switching function at each switching

point is checked;switchingpointsare de� ned hereinas pointswhere
the switchingfunctionvanishes,for example,pointswhere thebang-
bang control switches from one extreme to the other. If the iterative
routines obtain a nonoptimal solution, high-frequencychattering in
thrustmay occurwithin the numericalaccuracyof the routines.This
chattering may indicate that singular-arc solutions are possible for
some modi� cation of system parameters and models. However, for
the solutions presented in this paper, no high-frequencychattering
occur.

Numericalsolutionsto speci� c optimal transferproblemsare pre-
sented. These solutions represent the ability of two-point bound-
ary-value-problem (TPBVP) solvers. The solvers used were
BOUNDSCO, a multipoint shooting algorithm,11 and the minimiz-
ing boundary-conditionmethod (MBCM),12 a modi� cation to the
shooting method.

Consider the free transfer-time optimal control problem and the
idea of improvingfuel savingsby addingburns.For impulsive thrust
between circular orbits, the Hohmann transfer gives minimum fuel
use. The three-impulse bielliptic transfer performs better than the
two-impulseHohmann transfer for radius ratios greater than 11.939
(Ref.13). Additionally,Lion and Handelsman14 have done excellent
work in using primer vector theory to determineways of improving
impulsive trajectories. To our knowledge, similar conclusions for
low- and medium-thrust transfers have not been shown anywhere.
One hypothesisis that the globalextremumwill be at in� nite transfer
time and that local extremumsolutionsexist for � nite transfer times.
Furthermore, for a given number of burns there may be a local
extremum with � nite transfer time. Suppose one has obtained such
a local extremal: Is there an easy way to add a burn and improve this
trajectory?Are there any pitfalls to be aware of? What if the solution
takes into account atmospheric drag and oblateness effects? This
paper attempts to answer these questions using solutions obtained
by the methods just mentioned.

Problem Formulation
The problem discussed is the following:Maximize the � nal mass

of a thrusting spacecraft for an orbital transfer between two given
terminal orbits without specifyingthe initial burn-onpoint, the � nal
burn-off point, or the overall transfer time. Therefore, the perfor-
mance index can be written as

J D m(t f ) (1)

The spacecraft is representedby a point mass and assumed to be
a thrusting craft acted upon by aerodynamic drag and oblate-body
gravity forces of a central body. Thrust is written as a time-varying
magnitude T independentof a time-varying direction eT :

Fthrust D T eT (2)

For a three-dimensionalthrust vector the control in Eq. (2) requires
a magnitude T and three components in eT or two angles. For two-
dimensional problems, one magnitude and two components in eT

or one angle are required. The mass will decrease according to

Pm D ¡
T

g0 Isp

(3)

The atmosphere surrounding the central body is described with
an exponential model. The following equation15 describes such a
drag force:

Fdrag D ¡ 1
2
q 0e

¡ b (r ¡ r0) SCD m v (4)

It is assumed that the product SCD is not a function of time and that
the craft always remains in a region where the chosen exponential
atmosphere model is valid.

Within the con� nes of this study, the only other in� uence on the
craft is gravitational potential energy. The gravitational potential
energy to the second harmonic16 is

U D ¡
l m

r
¡

l J2 R2m

2r 3

"
1 ¡ 3

z

r

2
#

(5)
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There are additional mass distribution terms, but the series is trun-
catedhere.The equationsof motioncanbedeterminedby evaluating
¡ ¶ U / ¶ r and by using Eqs. (2) and (4). The equations of motion,
written as a � rst-order system in vector–matrix form, are

Pr D v (6a)

Pv D
T

m
eT ¡

l

r 3
r ¡

3 l J2 R2

2r 5
NN ¡ 5

z

r

2

I r

¡ q 0e¡ b (r ¡ r0) SCD

(2m)
m v (6b)

Pm D ¡
T

g0 Isp

(6c)

where NN D diagf1, 1, 3g (where diag denotes a matrix whose ele-
ments are zero except for the diagonals and whose elements are
speci� ed in the braces) and I is the identity matrix.

The thrust magnitude has both an upper and a lower bound. The
upper bound is Tmax, the lower bound is zero. Therefore, an inequal-
ity constraint that must be satis� ed for all time t 2 [0, t f ] is

0 · T · Tmax (7)

Finally, the terminal orbits are speci� ed by the vector equations

Ãi [x(0)] D 0 (8a)

Ã f [x(t f )] D 0 (8b)

that are only satis� ed when the initialand � nal statesboth lie on their
respective prescribed orbits. These conditions do not � x the initial
and � nal states; they � x all of the orbital elements exceptpositionon
the orbit, that is, true anomaly. Consequently,for three-dimensional
problems the vector function Ã(x) has � ve components, not six. In
this paper,

w i1 D yw ¡ zv ¡ hxi (9a)

w i2 D zu ¡ xw ¡ h yi (9b)

w i3 D xv ¡ yu ¡ hzi (9c)

w i4 D [(v2 ¡ l / r)x ¡ (rT v)u] ¡ l exi D 0 (9d)

w i5 D [(v2 ¡ l / r )y ¡ (rT v)v] ¡ l eyi D 0 (9e)

These equations are written for the initial orbit. The equations for
the � nal orbit are identical except that the subscript i is replaced
with f.

All that is required is the angular momentum and eccentricity
vectors. In the full three-dimensional case, the number of compo-
nents of these two vectors sums to 12 (6 from each orbit). However,
because the angularmomentum and the eccentricityvectorsare per-
pendicular, one component will be redundant and thus removable.
For Eqs. (9a–9e) the z componentof the eccentricityvectorhas been
removed. This choice anticipates that transfers examined occur in
or near the x–y plane. In the two-dimensional case the angular mo-
mentum vector has two zero components, whereas the eccentricity
vector has one zero component.

In the two-dimensionalcase, it would seem that the ellipse equa-
tionand theenergyequationcouldbeused in placeof theeccentricity
vectorconstraint [Eqs. (9d) and (9e)]. However, the combined spec-
i� cation of orbit geometry, energy, and angular momentum does
not uniquely determine an orbit. Angular momentum and energy
do determine the semimajor axis and the eccentricity.However, the
ellipse may be rotated to � nd more than one argument of perigee
such that the speci� ed conic section is intersected and the proper
velocity magnitude, but not direction, is matched. The reason for
this possibility is the existence of two different velocity vectors at
one point in space with the same angular momentum and energy.

First-Order Necessary Conditions
The Hamiltonian function speci� c for the problem is

H D ¸T
r v C ¸T

v

T

m
eT ¡

l

r 3
r ¡ 3 l J2 R2

2r 5

£

"
NN ¡ 5

z

r

2

I

#
r ¡ 1

2

q 0

m
e¡ b (r ¡ r0) SCDvv ¡

k m T

g0 Isp

(10)

Consistent with Lawden’s primer vector theory,1 it is found that for
T D 0

eT D ¸v/ j¸v j (11)

The optimal thrust magnitude T is governed by the following
switching function and switching condition:

HT D
¶ H

¶ T
D ¸T

v

eT

m ¡ k m

,
(g0 Isp) D

j¸v j
m ¡ k m

,
(g0 Isp) (12)

HT > 0, T D Tmax , HT < 0, T D 0 (13)

This relationship between the bang-bang control and the switch-
ing function, referred to as the switching structure, satis� es the
Pontryaginmaximum principle by maximizing the Hamiltonian us-
ing T. If HT were to be zero for a � nite time the control would be
singular. Higher-order derivatives of HT would then be needed to
calculate T.

The costate dynamics can be found from the following Euler–
Lagrange equations:

P̧
r D l

¸v

r 3
¡

3 ¸T
v r r

r 5

¡
q 0 b

2m
e¡ b (r ¡ r0) SCDv ¸T

v v
r
r

C 3

2
l J2 R2

NN¸v

r 5
¡

5 ¸T
v

NN r r

r 7
¡ 15

2
l J2 R2

£
z2

r 7
¸v ¡ ¸T

v r

"
7z2

r 9
r ¡ 2z

r 7

"
0
0
1

##
(14)

P̧
v D ¡¸r C

q 0

(2m)
e¡ b (r ¡ r0) SCD

"
¸vv C

¸T
v v v

v

#
(15)

Pk m D
T

m2
¸T

v eT ¡
q 0

(2m2)
e¡ b (r ¡ r0 ) SCDv k T

v v (16)

To complete the TPBVP, the methods of optimal control supply
a set of natural boundary conditions

¸(t f ) D
¶ G

¶ x(t f )

T

(17a)

¸(0) D ¡
¶ G

¶ x(0)

T

(17b)

where G is constructed for our problem as

G D m(t f ) C m i1 w i1 C m i2 w i2 C m i3 w i3 C m i4 w i4 C m i5 w i5

C m f1 w f1 C m f2 w f2 C m f3 w f3 C m f4 w f4 C m f5 w f5 (18)
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For t D t f , the natural boundary conditions are

k x D ¡ m f2 w C m f3 v C m f4 (v
2 C w2 ¡ l / r C l x2/ r 3)

C m f5 ( l xy/ r 3 ¡ uv) (19a)

k y D m f1 w ¡ m f3 u C m f4

l xy

r 3 ¡ uv
C m f5 u2 C w2 ¡

l

r
C

l y2

r 3

(19b)

k z D ¡ m f1 v C m f2 u C m f4

l xz

r 3 ¡ uw
C m f5

l yz

r 3 ¡ vw
(19c)

k u D m f2 z ¡ m f3 y C m f4 (¡yv ¡ zw) C m f5 (2yu ¡ xv) (19d)

k v D ¡ m f1 z C m f3 x C m f4 (2xv ¡ uy) C m f5 (¡xu ¡ zw) (19e)

k w D m f1 y ¡ m f2 x C m f4 (2xw ¡ uz) C m f5 (2yw ¡ vz) (19f)

k m D 1 (19g)

The natural boundary conditions at t D 0 are identical to Eqs. (19a–
19f) but with a negative sign placed in front of the right-hand side
of the equations as indicated by Eq. (17b) and m f replaced by m i .

The last conditiondeals with the � nal time. For free transfer-time
problems, the transversalitycondition must be satis� ed:

H [x(t f ), T , eT (t f ), k (t f )] D
¡ ¶ G

¶ t f
D 0 (19h)

However, in some solutions presented the transfer time is � xed. By
looking at the characteristics of the solutions as the transfer time
is varied toward the optimal value, we may gain some important
insights into the nature of this optimization.

New Property of the Optimal Switching Function
A very interesting property of the solution with optimal transfer

time is that not only are the initial and � nal values of the switching
function equal, but they are both equal to zero.

This property may be explained with the following theorem. In
what follows, C i

j refers to the space of i-dimensionalfunction func-
tions with j continuous derivatives.

Theorem 1: Given a bang-bang optimal control problem of the
form

J D
Z t f

ti

[L(x(t ), t ) C M (x(t ), t )u(t )] dt

where functionsL and M are continuousand subjectto the following:

Px(t ) D f[x(t), t ] C g[x(t ), w(t), t ]u(t)

x(t ) 2 Cn
0 , w(t ) 2 Cm

0

where umin · u(t ) · umax and u(t ) 2 U is a piecewise continuous
scalar control,

Ãi [x(ti )] D 0, Ã f [x(t f )] D 0

Ãi [x(ti )] 2 Cq1
0 , Ã f [x(t f )] 2 Cq2

0

and where ti and t f are free for optimization. Satisfy the following
assumptions:

1) Assume L[x(ti ), ti ) D L(x(t f ), t f )].
2) Assume [ ¶ Ãi (x(t ))/ ¶ x(t )] f(x(t ), t ) D 0 and [¶ Ã f (x(t ))/

¶ x(t )] f (x(t), t ) D 0.
3) Assume u(ti ) D u(t f ) 6D 0.
Then, considering the usual optimal control formulation, that

is, introduction of the ¸(t ) functions and the Hamiltonian
H [x(t ), w(t ), u(t ), ¸(t), t ] function,17 the following statements are
true:

1)The switchingfunction, HT [x(t ), ¸(t), t ] D ¸(t)T g[x(t ), w(t ),
t ] C M [x(t), t], satis� es HT [x(ti ), ¸(ti ), ti ] D HT [x(tf ), ¸(tf ), tf ] D
¡L[x(t f ), t f ]/ u(t f ) if andonly if H [x(ti ), w(ti ), u(ti ), ¸(ti ), ti ] D 0
and H [x(t f ), w(t f ), u(t f ), ¸(t f ), t f ] D 0.

2) If the Hamiltonian is autonomous with ti and t f � xed,
then HT [x(ti ), ¸(ti )] D HT [x(t f ), ¸(t f )] and HT [x(t f ), ¸(t f )] D
[H (x(t f ), w(t f ), u(t f ), ¸(t f )) ¡ L(x(t f ), t f )]/ u(t f ).

This theoremapplies to any optimal controlproblemwith a scalar
bang-bang control and boundary conditions that involve only con-
stants of motion. In other words, the boundary conditions cannot
be functions of time, even implicitly, for unforced motion; this is
the basis of assumption 2. The theorem is useful because it leads to
a method for � nding time-optimal extremals with additional umax

arcs when umin D 0. Althoughnot attempted in this work, it may also
lead to a method for � nding extremals with fewer umax arcs.

Applied to the orbit transfer problem with ideal gravity and free
transfer time, the assumptions are clearly satis� ed. Assumption 1
is satis� ed because the L function is zero. Assumption 2 is satis-
� ed because the boundary conditions are the orbital elements and
the unforced dynamics assume ideal gravity. Assumption 3 simply
speci� es that the only interestingsolutionsare those that begin with
the thrust turning on and end with the thrust turning off. There-
fore, condition 1 implies the switching function must be zero at the
entry/exit points. A similar condition was successfully used in the
placeof Eqs. (19a–19f) by Brown et al.10 for free transfer-timeprob-
lems in ideal gravity; however, that analysiswas not extended to the
constrained transfer-time case nor expressed for the more general
class of optimal control problems. An example of condition 2 will
be seen later.

Considerations for Numerical Solutions
The differential equations (6a–6c) and Eqs. (14–16) are written

with respect to the independent variable t (time). Because neither
numericalmethod used is written to iterate on the transfer time, this
variableneedsto bepartof thealgorithm’s unknowns.The following
scaling is made:

t D t f t (20)

where t is the new independentvariable,nondimensionaltime, to be
used in the place of t. Therefore, to implement this scaling, t f must
multiply the derivatives of the states and costates and t 2 [0, 1].

Any atmosphere is usable by simple substitution early in the
derivation of the differential constraint. For the purposes of this
paper, a simple atmospheremodel was chosen.The model is not in-
tended to accurately represent the Earth’s atmosphere, or any other
planet. It is implemented only for the purpose of demonstrating the
methods used and to allow examinationof its effects on the optimal
transfer.

The model is de� ned froma referencealtitudeof 450kmabovethe
planet’s equator. The entire atmosphere region is assumed isother-
mal with a temperature of 1000 K. The density at the de� nition
altitude is 1.184 £ 10¡12 kg/m3 . The de� nition point for this model
was taken from the 1976 U.S. Standard Atmosphere.18

The problem has been nondimensionalized.The nondimension-
alization aids in a few ways. First, the integration of the state is
more accurate because all variationsare on the same order. Second,
convergenceis improved because all of the boundaryconditionsare
immediately placed at or near the same order. The nondimension-
alizations follow:

Ot f ´ t f r ¤3
.

l (21a)

Ov ´ v
.

l / r¤ (21b)

Or ´ r/ r¤ (21c)

Om ´ m / m¤ (21d)
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and they require the following:

Or0 ´ r0/ r¤ (21e)

Ob ´ b r¤ (21f)

( Oq 0
OS OCD) ´ q 0SCD(r ¤/ m¤) (21g)

( Og0
OIsp) ´ g0 Isp r¤/ l (21h)

OT ´ (T / m¤)
.

l
.

r ¤2
(21i)

OR0 ´ R0/ r¤ (21j)

The choices of r ¤ and m¤ are completely arbitrary. However, after a
problem is solved by these nondimensionalizations, rescaling must
be exercised with caution. If the rescaling is not consistentwith the
atmospheremodel, theresultsare invalid;for example,rescalingalso
rescales the atmosphere model [note Eq. (4) and Eqs. (21e–21j)].

It can be shown that the nondimensional dynamic equations are
equivalent to the dimensional dynamic equations with l D 1 (the
value of J2 , however, has no dimensions and is not changed).

Numerical Methods
One method used here to solve the TPBVP is the multiple-point

shooting method. The speci� c FORTRAN routines are those of
BOUNDSCO.11

The state de� ned for the optimal control problem differs
slightly from the state used by BOUNDSCO. The state used by
BOUNDSCO includes the º vector, from the natural boundarycon-
ditions in Eqs. (19a–19f), at both the initial and � nal times. This
inclusion requires also that the system dynamics includes a corre-
sponding number of zero derivatives; that is, º does not vary with
time. Another approach would be to solve a system of all but one
of the natural boundary conditions for º and substitute the result
into the remaining equation, using it in place of the others. Still
another approach would be to use the result of Theorem 1 as an
equivalent condition. This may seem desirable, one equation in the
place of several; however, the simple structure of the several equa-
tions seems to be much more tractable for BOUNDSCO than the
complex structure of the one equation. BOUNDSCO does not al-
low switching structures that depend on the sign (polarity) of the
switching function, but only on its zeros, or switching times. These
switching times are iteratedupon to compute a solution.The guess-
ing of these switching times requires a brief explanation.In the free
exit/entry point formulation, a coast arc of any duration may be ap-
pended before the initial burn-on point (or after the � nal burn-off
point) without altering the optimality of the transfer. It then makes
no sense to construct a solutionwith an initial coast arc because the
� rst point in the initial guesswould be indeterminate.Therefore,one
can always assume switching structures that begin with a thrusting
arc and that end with a thrusting arc.

The user guesses the switchingpoints and speci� es the switching
conditions. Through iteration, BOUNDSCO attempts to make the
state and time at a switching point satisfy the switching condition.
Until such a match is made, BOUNDSCO uses the current best
estimate of the switching times to indicate when the thrust is on or
off. BOUNDSCO does not introduce nor remove switching points.

The second method used is MBCM.12 This method is a modi� ca-
tion of the simple shooting method. It expands the set of available
solutions by removing one boundary condition while keeping the
same number of unknowns. The choice of this boundary condition
is arbitrary. Because there is one less boundary condition than un-
known, the set of solutions become a one-dimensionalfamily. With
a larger set of solutions, it should be much easier to solve the re-
sulting boundary-value problem. The search for the solution that
incorporates the � nal boundary conditionsis treated as a minimiza-
tion problem. The square of one boundary condition is minimized
while the others are kept as constraints.A sequential programming

algorithm is used to solve the problem. The gradient is numerically
calculated and used to update the initial state until the last bound-
ary condition is satis� ed. This method is at least as effective as
BOUNDSCO in solving the TPBVPs for the current solved optimal
orbit transfers.

The switching structure of the optimal control is implicit in
MBCM. The program checks the switching function at each inte-
gration step. If the switching function alters sign at one integration
step, the program stops the integration. A secant method then iter-
ates to � nd the switchingfunction’s zero point. From our experience
with MBCM, some sensitiveproblems need 14 digits of accuracy in
their switching function. Once the integration passes the switching
points, the programchangesthe thrust level accordingto the switch-
ing condition and returns to the normal step size for integration.

Optimal Entry/Exit Points
It is often more dif� cult to solve the free terminal-pointsproblem

than the rendezvous problem, namely, � xed terminal points. In this
section a simple homotopy approach for determining the optimal
terminal points is described, beginning with a solution to the � xed
transfer-time rendezvousproblem.

With such a solution, one way of determining the optimal choice
of the � nal point is to simply obtain a set of solutions with varying
� nal points but � xed transfer time and a � xed initial point.Compare
the resulting � nal mass values. Choose the value corresponding to
the maximum. Use this solution as a guess for the free � nal-point
problem. Repeat the process, this time varying the initial point.
These terminal point choices should be good guesses for the free
terminal-point solution.

Figure 1 shows the last step of the approach: the free � nal-point
problem has been solved, and solutions to this problem have been
obtained for various initial rendezvouspoints. The results are quite
satisfactory. There is one obvious local maximum in the range of
values searched. This point approximates the best initial point.

Optimal Transfer Time
Before exploring the addition of burns, the only parameter that

remains to be freed is the transfer time. An approach exactly anal-
ogous to that used in the preceding section is easily imagined for
� nding the optimal transfer time. Figure 2 shows cost associated
with solutions over a range of � nal times. No solution represented
in Fig. 2 has more than two burns. In obtaining these solutionsa few
interestingpropertieswere noticed:1) As the transfer time was low-
ered, the coasting arc was shortened; in fact, at the shortest transfer
time examined, there was effectively no coasting arc. 2) For ev-
ery solution in this set, the initial and � nal values of the switching
function are equal, as predicted by Theorem 1. 3) As the transfer
time was increased, no extremal solution was found beyond a cer-
tain transfer time, and the cost for this transfer time appeared to be
locally maximized with respect to transfer time. The Hamiltonian
function was found approximatelyequal to zero for these solutions.

The lower bound makes perfect intuitive sense: This is the quick-
est that one can do the transfer in an optimal fashion. It is also the
least fuel ef� cient because the motor is on for the entire transfer.

Fig. 1 Performance index vs true anomaly of initial orbit exit point.
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Fig. 2 Performance index and Hamiltonianvs � nal time for successive
solutions.

Fig. 3 Two-burn example transfer (nondimensional coordinates).

Fig. 4 Thrust-to-velocity angle and switching function for two-burn
transfer (Fig. 3).

As for a so-calledupper bound, not much can be said becausenot
� nding a solutiondoes not mean a solutiondoes not exist. However,
taking the solution with the greatest transfer time found as a guess,
the transversalitycondition was converged. It can be seen in Fig. 2
that for solutions progressing toward the optimal transfer time the
Hamiltonian does, in fact, go to zero. As predicted by Theorem 1,
the switching function values also go to zero.

Two-Burn Extremal
A particular solution is presented in this section, obtained by

both methods. It has been nondimensionalizedand performs in ideal
gravity. The transfer is made between two planar, aligned orbits.

The solution’s trajectory is shown in Fig. 3, and a plot of the thrust
vector angle is shown in Fig. 4 superimposed upon the switching

function. It corresponds to a trajectory represented by a point at
Ot f D 17(4 h) in Fig. 2. The initial semimajor axis is 3.847 (roughly
25,305 km), and eccentricity is 0.02378. The � nal orbit semimajor
axis is 1.5 (9867 km) and eccentricity is 0.333. The product Og0

OIsp is
1.313 (an Isp of 1043 s) and the thrust level is 0.03 (about 83 N). The
initial mass is 1.527 (458 kg), and the � nal mass is 1.197 (359 kg).

Two burns are used to complete the transfer. For the � rst burn,
D t D 108 min and imparts a change in energy,D E D ¡3.82 km2/s2,
and in angular momentum, D h D ¡28,562 km2/s. For the coast,
D t D 36 min on an orbit of a D 17,037 km, e D 0.4897, and x D
¡29.85 deg.For the secondburnD t D 96min and imparts an energy
change, D E D ¡8.50 km2/s2, and a change in angular momentum,
D h D ¡12,719 km2/s. Most of the change in energy occurs in the
longer second burn, but most of the change in angular momentum
occurs in the � rst burn.

Figure 4 shows the switching function and the angle between the
thrust vector and the velocityvectoras functionsof nondimensional
time. Note that all thrustingduring the transfer is roughly retrograde
and, as predicted by Theorem 1, the initial and � nal values of the
switching function are equal.

Family of Extremals via a New Method
Exploitation of the property described earlier using Theorem 1,

along with the favorable performance of these indirect methods,
has allowed the study of the characteristicsof families of solutions.
Herein a family of solutionsis a set of solutionswhose transfer times
and numbers or burns vary but whose terminal orbits do not. The
optimal terminal points will vary from solution to solution; they are
free for optimization.

Figure 5 shows a family of optimal transfers. Each data point
in Fig. 5 represents an extremal orbit transfer by its total transfer
time and � nal mass. Each of these extremals satisfy the necessary
conditions for maximizing the � nal mass and free entry/exit points
on the terminal orbits. Their terminal orbits are the same as for the
transfer given earlier and shown in Fig. 3. The terminal orbits are
equatorial orbits, and the dynamics do not take drag or oblateness
effects into account.

Though this family appears quite disjointed, it is actually quite
connected. These connections can be best seen by starting at the
leftmost transfer (point 1 in Fig. 5) and tracing solutions of increas-
ing transfer time. The solutions from point 1 to point 2 are a set of
two-burn solutions. However, at point 1 the total burn time equals
the transfer time; point 1 may also be considereda one-burnsolution
(the switching function and its slope are zero). Point 2 represents a
local optima in transfer time; the Hamiltonian for point 2 is zero,
and this satis� es the transversalitycondition.

The switching function at point 2 indicates the existence of addi-
tional solutions. The situation is shown in Fig. 6 (labeled “Original
Transfer”). Because HT is zero at both the initial and � nal times
(from Theorem 1) and its slope is positive at the initial time and
negative at the � nal time, the transfer may be extended optimally
by the addition of a coast at the beginning and/or at the end of
the transfer. This may seem trivial: One might observe that coast
arcs can always be added; however, this particular situation leads
to the addition of burns. Lawden’s solution1,19 to the costates on a
coast arc shows that on such an arc with a zeroed Hamiltonian the
switching function is periodic. This result means that the switching
function, once crossing zero, must return to zero. In other words,
for an n burn transfer such as that represented by Fig. 6, the pe-
riodicity of the coast arc switching function implies the possible
existence of an n C 1 burn solution. Moreover, this periodicity
indicates the possible existence of two different n C 1 burn solu-
tions and an n C 2 burn solution. Note that, to optimally extend
a transfer and add a burn, it is required that the switching function
at a terminal orbit both be equal to zero and have an appropriate
sign for its slope: positive at the initial time and/or negative at the
� nal time.

Adding the coast arc is trivial; adding the burn arc is not. The
following burn-additionprocedureworked well: 1) Append a coast
arc to the solution at the chosen time, initial or � nal time, making
sure that states and costates are continuous.This procedure is easily
done by integratingthe state and costate forward from the � nal time
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Fig. 5 Family of optimal transfers as � nal mass vs transfer time.

Fig. 6 Extending the switching function to create more optimal trans-
fers.

or backward from the initial time. At both ends of the new coast arc,
the switching functionmust be zero. 2) Use this extendedtransferas
a guess for the numerical routine assuming an n C 1 burn problem
and a slightly longer transfer time. 3) Apply homotopy to obtain an
n C 1 burn solution with a longer transfer time.

For the solutions, the new coast arc was extended so that a non-
optimal burn arc was present in the guess. This new burn made the
guess violate boundary conditions but it aided in the convergence
of iterations.

There are three optionsfor creatingthe next transfer in the family:
extend the transfer to the right, extend it to the left, or extend it in
both directions. However, because of convergence dif� culties, this
last option is not favored. Consider extension to the right. In this
family of solutions, the extension corresponds to adding the new
burn closer to the � nal orbit.The resulting transfer is representedby
point 6 in Fig. 5. Here the new burn has zero length. Starting with
point 6, solutions with longer transfer times were easily found, but
solutions with shorter transfer times were not found at all.

Now consider the second option, extension to the left. Physically,
this extensioncorrespondsto addinga burnnear the initialorbit.The
resulting transfer is represented by point 3 in Fig. 5. Here the new
burn haszero length.Extremenumericaldif� cultywas discoveredin
attemptingto � nd a solutionwith a greater transfertime thanpoint 3;
however,solutionswith lower transfertimeswere foundconstituting
branch 3–4–5. Additionally, note that this branch, though a branch
of optimal solutions, is unfavorable when compared to branch 6–7
of the family. This example of multiplicity may be viewed as a
rearrangement of the burns in the trajectory. It has not been shown
analytically, but there is likely a connection to a similar result for
nonoptimal impulsive trajectories.14

By the precedingdiscussion,points 2, 3, and 6 are, in fact, equiv-
alent transfers. The only difference between these transfers is the

Fig. 7 Switching function of transfer at point 7 in Fig. 5.

addition of a coast arc, which makes no difference in the cost asso-
ciated with the transfer. This equivalence means that the branches
of the family are connected, and these connections are as follows,
with the transfer time increasing: 1 to 2 (which is equivalent to 6)
to 7, or 5 to 4 to 3 (which is equivalent to 2).

Note, too, that the transfers represented by points 2, 3, 4, 6, and
7 are optimized with respect to transfer time. It may sound peculiar
for more than one solution on the same branch to be time optimal;
however, the shorter time-optimal solution has fewer burns, for ex-
ample, both points 2 and 6 are equivalent two-burn solutions. The
Hamiltonian increases as the one traverses the 6–7 branch, then de-
creases again to zero as one arrives at point 7. Likewise, the Hamil-
tonian decreases to zero as one traverses the branch from point 5 to
point 4, then increasesand decreases to zero again as one tranverses
the branch from point 4 to point 3.

Figure 7 shows the switchingfunctioncorrespondingto the trans-
fer representedby point 7. Compare this to Fig. 6. The situationhas
repeated itself; the terminal switching points in Fig. 7 are zero.
Clearly, one may attempt to expand this family of transfers from
point 7.

Evidence of the existence of multiple solutions was found. For
a speci� ed problem (including speci� cation of the transfer time
and the number of burns), there may exist more than one extremal
transfer. Such multiple solutions are represented by any point on
branch 3–4 and any point on branch 6–7, which have equal transfer
times, roughlybetween27and33.Conditionsformultiplicityarenot
clear, but it is clear that solutionsarenotnecessarilyunique. It is also
clear that one cannot say that just because the transfer time for one
solution is longer than another, the former has a greater � nal mass.

One cannot help but wonder why the solutions of branch 6–7 are
more fuel conservative than those of branch 3–4. Both branches are
extensions of branch 1–2, but the difference is where the new burn
is placed. When the burn is placed near the initial orbit, far from
the attracting body, the branch is unfavorable. When the burn is
placed near the � nal orbit, close to the attractingbody, the branch is
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favorable. A principle often seen in impulsive trajectories appears
to carry over in some form to � nite burn trajectories; it appears to
be better to implement changes in velocity near the attracting body,
where changesin velocitywill producelarge increasesin thealready
largekineticenergy,as opposedto far away from theattractingbody,
where kinetic energy is lower.

Extremals About an Oblate Planet Without Drag
In this section, another example transfer is presented. However,

this time it is a three-burn transfer whose terminal orbits are more
general. The initial orbit has the same semimajor axis and eccen-
tricity as before except now the orbit is inclined 20 deg, has a right
ascension of 13 deg, and has an argument of perigee at 15 deg.
The � nal orbit is inclined 1 deg with 0-deg right ascension and an
argument of perigee at 0 deg. The product g0 Isp is 1.313, and the
thrust level is 0.03. Again the problem has been nondimensional-
ized. This solution includes oblateness effects but excludes drag
effects, with J2 D 1082.61 £ 10¡6 . Because it affects the equatorial
radius, r ¤ D 6578 km must be speci� ed, but this transfer is free to
be scaled by m¤ .

The trajectory is shown in Figs. 8 and 9. A plot of the switching
functionand the angle from the thrust to the velocityvector is shown
in Fig. 10. This trajectory is a � xed transfer-timetransferand is sim-
ilar to a trajectory in branch 6–7 of Fig. 5 with t f D 28.75. Recall
that this is a descending trajectory; the initial orbit is higher than
the � nal orbit. For the � rst burn, D t D 0.3616, D E D ¡0.07760,
and D h D ¡0.6566. The burn ends at what would be an or-
bit of a D 2.409, e D 0.5420, \ D 8.320 deg, x D 1.123 deg, and
I D 1.665 deg. For the second burn, D t D 0.1450, D E D ¡0.1048,
and D h D ¡0.1310. The second burn ends at what would be an or-
bit of a D 1.601, e D 0.3742, \ D ¡1.073 deg, x D 0.3892 deg, and
I D 1.202 deg. For the third burn,D t D 0.02420, D E D ¡0.02101,
and D h D ¡0.01865. The � nal mass for this transfer is 1.1656, the
initial mass was 1.527. As a result of the oblateness effects, this
transfer has poorer performance than if it could be performed in
ideal gravity, where its � nal mass would be 1.1659.

Fig. 8 Projection into x–y plane of transfer (nondimensional coordi-
nates).

Fig. 9 Projection into z–y plane of transfer (nondimensional coordi-
nates).

Table 1 Comparison of three-burn solutions
with different dynamic models

t f m f Drag Oblateness

29.75 1.1659 No No
29.75 1.1656 No Yes
29.75 1.1662 Yes Yes

Fig. 10 Thrust-to-velocity angle and switching function for transfer
in Figs. 8 and 9.

Note that thechange in rightascensionwas almostexactlydivided
between the � rst two burns whereas the change in both inclination
and argument of perigee happened almost entirely in the � rst burn.
The change in inclination can be most dramatically seen in Fig. 9.
The burn at the top of Fig. 9 is the � rst burn. The next two burns
are dif� cult to distinguishbut not very interestingfrom this vantage
point. The second coasting orbit, or transfer orbit, is quite similar
to the � nal orbit; � ttingly, the third burn imparts the least energy of
any of the burns.

Extremals About an Oblate Planet with Drag
Havingdiscussedsomepropertiesof an extremaltransferaboutan

oblateplanetwithoutdrag, thisdiscussioncanbe extendedto include
drag. In particular, the effect on the � nal mass will be seen on a
particular transfer. This transfer is between terminal orbits identical
to those for the transfer shown in Figs. 8 and 9. Table 1 shows
the results. If these transfers had much greater transfer times and
much greater numbers of burns, the effect would, more than likely,
be much greater. The differences discussed here, though small, are
best seen in the details of the trajectory.

Comparing the � nal masses, it turns out that better performance
was realized while considering the effects of a retarding force,
namely, drag. In fact, this example demonstrates a form of optimal
aerobraking. Because the craft descends in the presence of drag,
there is no need for thrusting, except to ensure the proper transfer
time and the proper orbital elements. In this case, the fuel saved by
aerobrakingwas muchgreaterthan that lostdue tooblatenesseffects.

What is the effect on the transversalitycondition, that is, what is
the effect on solutionscorrespondingto points 2, 3, and 6 in Fig. 5?
For ideal gravity, these solutions corresponded to an optimal trans-
fer time. When the drag and oblatenesseffects were considered,two
things were found: an apparently insurmountabledif� culty in con-
vergingthe transversalityconditionand greaterdif� culty in hopping
from branch to branch of the family. The family discussed earlier
has been recovered with oblateness and drag effects; however, the
plots are so similar it would be redundant to show them.

The � rst effect is manifested in the following way: Con-
sider branch 1–2, as the transfer time increases the value of the
Hamiltonian decreases. For the ideal gravity case a solution sat-
isfying the transversality condition is easily found. Suppose drag
and oblateness terms are added. Now, as the transfer time increases,
the Hamiltonian again decreases, but the initial and � nal values of
the switching function are no longer equal. The zero of the switch-
ing function no longer indicates a zero of the Hamiltonian because
of Theorem 1. Though dif� culty in converging the transversality
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condition was found, the problem was alleviated by � rst � nding
the solution with the switching function zeroed at an appropriate
terminal point (initial or � nal) using the idea from Theorem 1 and
then performing a homotopy search for H D 0.

The second effect, the dif� culty making the connectionsbetween
branchesof the family, is a consequenceof Theorem 1 stated earlier
and cannot be avoided. Furthermore, the time history of the primer
vector will obviously not be periodic on a coast arc that includes
drag and oblateness.These effects will, more than likely, not allow
some burns to be added in the manner presentedearlier. Most likely,
this restriction is related to the drag introducing a penalty for long
transfers and this will place the global optimal solution at a � nite
number of burns.

Conclusions
To ease the numerical dif� culty of determining a set of optimal

solutions,the indirectmethodsBOUNDSCO and MBCM havebeen
modi� ed with an initial guess searching scheme to solve the orbit
transfer mass optimization problem. The scheme combines a new
procedure based on a property of the switching function for the
optimal control problem, homotopy, and other numerical methods.
Numerical solutions of two and three burns are obtained with and
without oblateness.These solutionsdemonstrateeffects of drag and
oblateness on the optimal transfer.

The presented family gives a set of transfers with identical ter-
minal orbits and parameterized by transfer time. Using this family,
we conclude the following for optimal transfers: Transfers between
speci� c orbits for a speci� c transfer time and a speci� c number of
burns may not be unique, transfers with greater transfer time do not
necessarilyhave greater fuel savings, and these properties persist in
the examples even with drag and oblateness effects.

A theorem that applies to optimal orbit transfers has been stated
in a general form so that it can be determined whether it applies
to other problems. This theorem has been used to point out that in
the free transfer-timecase, with the terminal points optimized, burn
arcs may often be added to solutions.A simple method that utilizes
this theoremto add burns to extremal solutionswith optimal transfer
time has been presented. For this study, every attempt to add burns
this way has been successful. Examples are given of solutions that
were improved using this method.

Appendix: Proof of Theorem 1
In the usual optimal control formulation,the boundaryconditions

at ti and t f result in the familiar natural boundary conditionson the
Lagrange multipliers written as

¸(ti ) D ¡
¶ Ãi

¶ x

T

º i , ¸(t f ) D
¶ Ã f

¶ x

T

º f

which involve the Lagrange multiplier vectors º i 2 Rq1 and
º f 2 Rq2 . Now, take the dot product of these vectors with vectors
called n1 2 Rn and n2 2 Rn ,

¸(ti )
T n1 D ¡ºT

i

¶ Ãi

¶ x
n1 , ¸(t f )

T n2 D ¡ºT
f

¶ Ã f

¶ x
n2

This shows that, at both the initial and � nal times, any vector in the
null space of the relevant constraint gradient matrix is perpendic-
ular to the respective Lagrange multiplier vector. Assumption 2 of
Theorem 1 indicates appropriate choices for n1 and n2 as

n1 D f[x(ti ), ti ], n2 D f[x(t f ), t f ]

With these choices, the Hamiltonian at either terminal time may be
written in the following form:

H (x, w, u, ¸) D [¸T g(x, w, t ) C M(x, t )]u C L(x, t )

Statements (1) and (2) follow immediately. QED
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